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‘J’]IC ]JIIast, of a  flcqucllcy  Stiiil(lal(l  that  US(% ])(:1 it)clic il]tlmro~,:i-

Lio])  aIId  coIIt  I()] of a ]ocal osc:ill:i( 01 (1,()) is cIC:,I  acl(xl  I)y a lcHIgI,-tmIII

]tLIlcloIII-I!T211k  (:cJIn]mIIC]lt illduud I)y clc)]~~]lcoll~~(!lsioll”  o f  1  ,() ]Ioise  into

tllc  loop ])assl)alld. ‘1’lIc  1 )ick for] ]]u]a for tlIC IIoisc  lCVCI of this dcp,la-

datim]  can bc dmivd  frmn Cx})licit solutliolls  of two 10 cmltrol-loo~)
modc!]s, A Su]nlnary of t]lc dwivatic)!ls  is F,i  VC!ll  ]Iwc!.

1 Intrcducttion

III 1987, followillg,  a su~,~,mtlio~l  of 1,. Cutlu, G. .). 1 )id [1] dcxrild  a smrm
of ]OIIF;-I,CIIH  ilwt,al )i] it,y for a d ass of I mssiw! frmlumlcy stal)dards  t]lat  ill-
dudcx  icnl Iral)s and atcnnic  foulhi]w. I I I  III(:sc sta~]dards, IIIC frmlumlcy
of a local  oscillator (1X)) is UM Illrollml  1 )y a fdl )ad{ loo] ) w] 10s(: ddu:t)iol  I

* ‘J’lIc  wm k dcxm  ilml  lICIC was ])CI fm IIId I,y tlIc Jet 1’I o])ulsioll 1 ,almralo]  y, Califo]-
]lia  ]Ilstitutc o f  ‘J’cdIIIolc)gy, UIICICI  a COIItI ad wit]]  tllc  Natio]lal  Acxo~lautics aIId SIIaCC
Aclll~iIlistratic)]k.
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a lId unltrd  olx!ratimw  am ]mriodic  wit]] s(m Ic ]x:riod 7 ~. lJoI’ mCII CtyCIC, t,]Ic
out] mtl of tlIc! ddmtlor is a wcigl Itlwi avmi~,c of tlIc 10 frc!qum  I(:Y  (nor mu’

t!llc  Cyck!! ‘1’lIc wciglliillg  ful]ctlim]  g(i), dcrivd fmIl []llalltlllll-lllccl]  aIlic:ll
calculatlicnw,  dc]K:IIck 011 tl]c II IcAII(d b y  wllidl tll(!  atOIIIs am il]tclJc)p,:itccl
by tllc 1{1”  fidd  g(!llc!ratjd by u]unmrsioll  of tlllc  1 I) sif,llal to tllc atlmJlic
Ifmwitiml  frwplmq [1, ‘2, 3]. III f,mma],  g(t)  mlI lw zoo cmr a mJ1sidcnaM[!
]mrtiml of il]c CyclC. ‘J ‘11(! 1 J() C.Olltm] SiF,Jld  Ov(!l’ c!adl  Cyd(! is a fulldion of
t]l[! (] C!tC!CtOl  OIJt])UtS  fIOIJ”l ] HX!ViOUS  CyC](!&

‘J ‘IIC 1 )UT] msc of a f[ccl~lellcy-cc)lltlc)l  100] ) is to attmmatc  ilN frc:qumcy
fluduatim]s of tlm 1 I) illsidc  tile 100]) ])assl)a~ld,  wllilc tolmatlillp, tlI(!lJI  outside

tl]c ])assballd. As 1 )ick saw, tlmu~;ll,  tl]c! ]xximlic illtcrlc)g,:ltic)ll  causes out,- of-
l):lJld  1,() lmisc ])owm, near tlm ckydc frw]ucllcy  ,/C = 1 /7~ aIId its llarJI)ollics,
to IN (lo\vJJ(:()~lvcrtjc(l  ilko tllm km]) ])assl)alld,  tlms illjcxti]l$,  I“alldOIJl fa]sc
illfoJ’lIlalioll alxmt,  t]m currCJlt avCJ’a~,c! 1,() fr(!qu(!l]cy ilho tll(!  (:OJItJd  sigJlal.
‘J l]liS  l:III(](HII f:lk(!  fJl!(]UCIICy  CO1’I’(!Cti(Ml  (II IIS(!S  a C[)JJl]X)ll[!Ilt  Of W]lit(! 14’h4 , or
raIldmIl walk of ]d)asc:,  to ]xrsist, ill tllIC outj])ut of tjllc  lodwd 1 I) (1,1 ,()) ovm
t]l(!  ]Ollp, t(!J’Jll. 1  )i(:k ~,avc  a for JlilJla  f o r  tll(! w]]ite]”hl  Ilois(! ](!v(!] (:c)lltl’il)lltc!cl

lry t h i s  (:fld, llalJ](!ly,

(I)

wlImx: S~,10 (j) is tlllc s])u[ 1:11 dulsity of tll(!  1 )i(k-cfl(x:t ]ml ( ion of tl}c IIm-
.  (~) i s  tllc Sl)(!dlal  II(!llsity  of tll~JIlaliz[!(l  fl”c(]m:llcy  JK)isc  of tll(! 1 /1,(), S; ’()

llol’lJlali7j(!(l  fl’(!(]uc!llcy l)ois(! o f  tlll[! fJ’(!C-  Nllllli  J1[’, 1  I), aIld gk is t’ll(!  lrmlriw

(:(dli(:imltl

~k: ; (’9(,)os(2~~:fcf)~~1 (2)
c

%“() (())
0;(7)  W-’2T (fc7  ) cm) (3)

hfly I)UI”]NS(! ]ICI’C!  is to slJl)]d(!IIK!Ilt ]mwious dc!J’ivaLioJls  [], ~, 3, 4] of t]l(!
1 )id fonllula (1) by  all a]q wad) tlllatj  lJsm m] )Ii(:it  tiJtl(:-  dol]lai~l  solutim]s of
siln]de 1,() undjrol  100]) IJdds wit,]] a ~,c!lIcml ddjcctliml wci~:lltillg  fulldjiol]
g (t.). (klrCflJl illt,c!r~ )J’c!t,at,io) 1 of t])(!sc!  so] llt,im IS yidds for]  I IU1 as for t]I(! ],1 ,()
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2 Ckmt)rol-l.oop  Modds

,](,(, (“.WW(N - ,f)d~,,(l’]? /,,])[,  (t) ~ ; ,
~.~

wllidl is fid)it)ious ulllms f. is a IIlulti]dc:  of 7:. ‘J ‘]m out]mt, of tl]c! sall)]dm at
tilm 717 ~ is tl]c:  l}ollnali~,d  illtm op,atiml rc]mrt

(5)

for tl]c! nt]] cycle.  (I{c!call  tjl]c sylllltlctly  of g (f.) almut  tjllc  IIlid]willt  of tllc
cydc:.  ) ‘J’1 I(: dcidio~]  ] mist t,m I I v,, Ml 1 1 c] )1’(!!$(>1  Itf ] )1 Ic)tml-  count! flll(:t,uat!im]s



in frcqumlcy stlal)dards  wjtlll  o])tlica]  dctfcctliml)  for cxa]])]dc.  ‘1’IN2 cumulallivc
su]n of tl]c error  signals, lnult,i])licd l)y a F,aill facilor A lx:tfwccxl  (1 al]d 1 ,  i s
tl]c frcqum]cy  correction y,, illat is a]qdi(!d to tll]c 1,0 during  tl]e ncxtl  cycle.
lhcc])t for initial col]ditio)ls,  Model 1 is s]mcificd co~]]]dctcly by (5) and tl](!
cquaticnls

~),, - ~,,. 1 : A ((7’] ?/], ],() (?17:)  -1 u,) , ((i)

VIJIJO  (f) : W,() (f) - y,,- 1, (71  - 1) 7:< t < ?27:, (7)

i] i which it is ccnwcnicnt  to su]q)osc  tllmt  n rul w t)] ]roup;ll  all intlcgcrs.
]n Model 2, the l]olcl  and intlc!;ratiol] clnits a delayed lin(!ar intcr])olatliml  of

the cumulaiiv(! su]n of the ill]mt to tlw lmld, IIdulo a collstla~]t of intlcgratiml.
1 d y,, bc A timm  Illat culnulatlivc  suln.  ‘1’he]] ?),, ar,aill satisfim  (6). 1]] l)lacc
of (7) wc have

y,,l,(, (t)=. vl,c) (f/)-.(;:- 7/-1  l)?/,, .l- ( n -  ;7)!/,, .2, ( n -  l)7:<f<n  7:.
s

(8)

In Model 1, thcfrcqucl]cy  corrcctiml during  a cycle is cm]stant;  hcm!,  it is a
ram] ).

3 S u m m a r y  of Soluiion  Mdhod

‘1’llc  dcrivatlion  of tllc 1,1,0 frcqucllc)’ sjxxbuln  fmll 11](:s(!  ]I]odcl cquatiO1]s
is carried out, by tllc! fOllowill~, st(!]x.

l“irst, byisol:itill~;t  ll(!(ligjtal  :Is])(:(:tso ftll]clllc)(l(:ls,  ollc{:allsolvc:fo]?j,,.”
II] Model  l,s~ll)stit~ltio~l  of (7) into ((i) ~,ivma  filst-()~clcl(lif lt:rcllcc(!(l ll:lti()ll
for y,, intcrms of tflwqumltity

‘u),, ‘ (7’]{ /],( )(7/7:)  -1 ‘v,,. ( 9 )

‘J’l]c  t)ilnc  co~Mant  is apjmoxilnatcly 7 ~/A for A << 1. ‘J’l]c  transicvlt coIn-
1 m] ]cnt, c)f tlm solution is I IC!p;lcct)cd.  14 odcl 2 ~,ivcs a sccol IC1-ordcl’  d ifl”m!l ]c(!
cquatliol]  tl]at is solved by tjllc two ]m]c filter
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4 Main and A liasd Spcdra

Cm}sid(:r  tl)(: lnain ]mrt (1()) of tlllc 1,10 fmlumlcy  s]xKtIuIII. ‘J ‘lIC 1,() slwc-
tJUII~ k lmllti]dicd by a factor  t,l]at is O (~2) as ~ - > 0. ‘J’l]is is tlIc b a s i c
action  of tlIc first-order frcqumlcy  cm ltlml loo] ), w] Iicl ) atltjcl matm  t] lC c!xcur-
siol)s of t,llc  1,() illsidc!  tl]c! 100]) balldwidt,ll.  11’or Cxa]n])lc,  flickw 11’h4 i]] t,l)c
1,0 is rcdumd  to flicker I’M ill tl)c 1,1,(), aJ]d ]a]ldoll] walk l“h4 is rcduccd
to wl]it(! l“h4. in addition, tlmrc is a low])ass-filtered wl)itc!  dctcctiml  ]Ioisc in
tllm 1,1,() frcqumlcy. Wc call rcp,a?d  IIr (.2) 6’1 (j) as tl)(! closed-lmq) t,ralwfcr
ful]ctioll  frmn 1,() frcqumlcy  ]Ioisc  to 1,0 corrcctiml signal.

‘J’1 ]C 1 )ick cflkct  is SU])] mswl to m] nc fro] ] 1 a 1011~-tcrl n w] litc- I“N4 m] n-
]ml](!li i]] t,l]c aliascd  s]mctru]l]. ‘J’lIcw is SUCII a c{)];tlil.)~lti{)]l  if tllc aliasd
s]xx:t,ruln (1 1 ) is coldi~mm  a]]d ]msit,ivc at ~ = (), ll]]dcr rcasmlal)lc cOlldi-
tio]w, this  is so, and w{! may set ~ z O (2 I 1 ) ill (1 1). lkx:awx!  }1, (1) : 1,
wc 11 av(!

(12)

W]ICIC  wc  ]I:IVC IIOW  USC(]  t,]lc sylllltlctlry  of tfllc su]l)lllallds  almul  mm fr(!-
qm!ll(; y. ‘J ‘I)is forl]lula l]olds for oIIc- sided s]m:tral  dcllsitics also.

‘1 ‘Im II UIIII  KM  [Gl (kfc) [2 aIc ilwarialdl 10 cycli(:  tralwlatio]ls  of Illc fu]lctjioll
g (t) ill tfilnc. It follows tlmt  tilt!  result (12) is invariant  to shifts ill t lic (ilIl(!
ori~;ill,  i.e., if t IIc 1,110  ])llasc is sa]ll])lcd 0]] aIIj’ 1 i)tlc {’,rid wit]] s]):lcillp,  7:,
t}lcn tllc sa]il])l(!s  will i]lcludc  a wllitel{’h4 colilj)t)llmlt  wiill sIN!ct  ml density
(12) at zcrt, frcquc,]cy. If g (i) is sy,])l]]ctric alx,,lt 7~/2 for our t il]]t: cnip,il},
(!11(!11

go

‘J’])(! 1 )ick fo~ll)ula, wl]icl] ~,ivc!s tllc lzT//itiT/{/ WI](1C of s])(!ctral  dmlsiiy at,
zero l“ouricr frcqumlcy, is c!xact for bot]l  IImlc]s, cvm] tflmuf,]l tllc 1,1,() s]x!c-
truln  at ]m])~no frc!qucncim  is difl’cmlt for tllc two ]]]odcls. A silll]dc  a]qnx)x-
ilnatliol]  for tllc .aIiascd  s]xxinlll]  (1 1 ) l)olds if tllc p,ail}  colMjallt  A is ]nuc]l
lCXS  t!llall 1. ‘J’IN]]  tllc 100]) lm~ldwidtl]  is ]INIC1] lCSS tllall JC (till](!  collstalk
lmcll  p,rcatm tl]al] 7;). Assu]nc also that,  G] (k~e -I f) and S~c) (kjC -I j) CaII



at, O ~;ivc!ll by tll(! 1 )ick formula. l“or Imtf]) ]nodc]s,  tl]is sl)a~)c  is IJomltziall.
‘J’]m, t]lc ] )ick-effect All an varial)cc  co]n])onmt  take.s t])c asyln])tot,ic  wllitc-
I“M form (3) cnll y for avcrar;inp; ti~~lcs  7 gr(!atcr tllal) rou~~]ly  twice tile 100])
tiln(! collstald). ]n tlllis a])])loxil]latjioll,”  t}]c 1 lick-effect aud dct(!ctlioll  lmiscs
a]q)car inside tlllc 100]) balldwidt)ll,  t)llc lm-aliascd  IJ() Iloisc outside.

5  Remarks

Altllougll I lmvc ~lot mlsidcrcd  ally otllcr ]nodels,  tl)c IIick (!flkct a])}mars to
be an illhcrcnt$  pro~)crt)y of] miodic local-oscillator coldrol loo] )s. For tl)c two
models treated llcrc, this was sl)own by a careful intcrl  nctfatio]  ] of cx] dicit
sc)lutliol  N for tllc out]mt  frcquwlc.y  as function  of tilllc.

1 l)avc now come full circle 0]) tl]is tfo])ic. hly involvclnmlt  began ill 19S7
wl]cn Jo1]T] 1 )ick asked ]nc to derive the sl)cctruln  of G] VI,() after  sam]dill~,.  1
did ~mt, u~ldmtal]d:  after all, G’] is alqdicd to M,I,O, ]Iot M,O. Ncvcrtllclcss,  1
dicl the calculation, tl]crcby contributing  tl]e factor  2 ill 1 )ick’s formula. Now,
in l“ig;. 2, w e  see l]ow tllc saII)])lcd G’] yl,o f i t s  illtlo  t]lc l)ictum Coul(l tl]c
l>ick (!fli:ct  be callc(!llcd l)y rc])lacillg tlll(! avcrap;i]lp,  filter i]) IIl]c u])]m brallcll
of l~i~,. 2 by a G’l filter’? Alas tllc cxistcllcc of tllc b]ock diap,ra~rl  in l~i~,. ‘2
is IIlatl](:lllaticfil, IIot l)lrysical.

[1]

[2]

[3]

G. J. 1 )ick, ‘(l ,ocal oscillator illduccd  illstal)iliti(!s  in tralyxxl  ion frcquc~lcy
stmldards”, 1’70c  ]gt}l  ]’rccisc  ~’il[l[:  and ~ ‘illlC ]71iCl  Wd (1’~ ‘T]) Awlic(]-
iio?ls and ]’kL?Lni7Lg  iblwiing,  p]) 133 147, lk!clonclo  1 ~cac]l,  CA, ] ~8’1

G. .J. l)ick, .1. 1). l’rcsta~,c, C. A. Grccl]llall,  1,. Malcki,  “1 ma] oscillator
illduccd  clc~,radatioll  of lllc:(lillll-l-tlcl’lll  stal)ility  ill ])assivc at)ol!]ic frcqucllcy
standards”, lh-oc 2,%Ld  1)2’1’1  Mcciing,  ~q) 487 508, Vicll~la,  VA, 1 {W

G. Sa~darclli,  1’1]. l,aurc!llt, A. Clairol],  G. J. l)ick, C. A. Gr(!c]ll]all,  C.
Audoin, “rl’hcorc!t)ical  dewxi])tioll  and cxlx!rilncntal cvaluatjion  of tllc (!f-
fcctl of tllc intcrrop,atiol  I oscillator frcquc]]cy  IIoisc 0]] tl]lc stability of a
~mlscd  atoxnic  frcquc]]cy  standard)’, 1  ~t.]1 h?’O~K!Qll  1{k~lIC7L<:jj  (Ifld y’il[lc

l“07w7n,  1 higldol  1, lJK, 1 MN
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[4] 1,.1,0 ]hsti, 1~. }]ataII&,  11. l{mwa,  A. I)c h4ad]i, “A silllulatioll guidd
al ]alylica]  a] q mad] to t,] N t,] Icory of t,] IC 1 )ick cfl’(xt,’), 1 W?G ILWL’ IIl,tcl..
?Lai.iolla.l  l+cq?mlcy  contl’ol  .9!/7)L~lo.$i7/7  /1, 1101 lolulll , 1996
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l;ig. 1. Sitnp]ificd  models of local-oscillator control loops
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